We study the onset of chaos due to temporal and spatially periodic perturbations in charged Gauss-Bonnet AdS black holes in extended thermodynamic phase space, by analyzing the zeros of the appropriate Melnikov functions. Temporal perturbations coming from a thermal quench in the unstable spinodal region of P-V diagram, may lead to chaos, when a certain perturbation parameter γ saturates a critical value, involving the Gauss-Bonnet coupling α and the black hole charge Q. A general condition following from the equation of state is found, which can rule out the existence of chaos in any black hole. Using this condition, we find that the presence of charge is necessary for chaos under temporal perturbations. In particular, chaos is absent in neutral Gauss-Bonnet and Lovelock black holes in general dimensions. Chaotic behavior continues to exist under spatial perturbations, irrespective of whether the black hole carries charge or not. 1 sm19@iitbbs.ac.in 2 chandrasekhar@iitbbs.ac.in 1 arXiv:1902.08932v2 [hep-th] 
Introduction
Black hole solutions and their thermodynamics in General Relativity have thrown up remarkable surprises and continue to be an intriguing area of research. In particular, phase transitions of black holes in a variety of backgrounds, such as Anti de Sitter (AdS) space-time have been actively pursued, purely from gravity point of view and also with holographic motivations in mind [1] - [9] . More recently, treating the cosmological constant as a dynamical thermodynamical variable (pressure), an extended phase thermodynamics has been proposed, where the first law of black hole mechanics gets modified by a new pdV term [10] - [21] . Study of PV critical behavior of various black holes confirms the existence of an exact map of black hole small/large phase transitions to the Van der Waals liquid/gas system [22] - [26] .
It is known that chaos is unavoidable in certain dynamical systems in nature, including black hole physics and cosmology [27] - [34] . There have been several past works probing chaotic behavior in black holes by various methods, such as, computation of Lyapunov exponents to study stability of orbits, quasinormal modes in Reissner-Nordstrom and Gauss-Bonnet black holes [35, 36] , and Melnikov's [37] method in the context of geodesic motion [27] [28] [29] . However, the study of chaos in the context of black hole thermodynamics and phase transitions has only just started emerging [38] , partly due to the recent developments where a pressure term in the first law is included, making the connection with Van der Waals system exact [22] - [26] . In [38] , the Melnikov method used in dynamical systems [37] - [41] , developed in the context of Van der Waals system [42] , was mapped to the case of black holes in extended phase space to extract useful information about the presence of chaos. Temporal and spatial period perturbations were introduced in the PV thermodynamic phase space and the presence of chaos was detected from the study of zeros of Melnikov function. A bound involving charge of the black hole was also found, beyond which the system becomes chaotic.
In this letter, we take these issues forward by studying chaos in extended thermodynamic phase of black holes, after incorporating the effects of higher curvature terms in Einstein Action. We focus on the case of Guss-Bonnet(GB) black holes, but the results are also spelled out for Lovelock black holes. Gauss-Bonnet and Lovelock terms are quite important in various contexts such as, semi-classical quantum gravity, low energy effective action of string theory and next to leading order large N corrections of boundary conformal field theory (CFT) studies in holography [46] - [65] . They are known to have given interesting insights in to the corrections to black hole entropy, viscosity to entropy ratio and several other recent developments in extended phase space [52, [54] [55] [56] [57] 59] . Chaotic dynamics of test objects and instability of certain orbits, in particular, in the context of holography and Gauss-Bonnet theories has also been explored before [36, 66, 67] , however, not from thermodynamic point of view. The extended phase thermodynamics of Gauss-Bonnet black holes in AdS (where the cosmological constant is taken to be dynamical) and its connection to the Van der Waals liquid/gas system via PV criticality is now well studied [60] . Following the study of chaotic behavior for Reissner-Nordstrom black holes in AdS, it is important to know whether the behavior found in [38] is a generic feature of systems exhibiting Van der Waals type phase transitions. With this motivation, we thus study chaotic dynamics in Gauss-Bonnet and other higher derivative theories of gravity, with the inclusion of an additional parameter, such as the Gauss-Bonnet coupling, in addition to charge (considered in [38] ), and find that there appears a new inequality which governs the existence of chaos. We also show that neutral Gauss-Bonnet black holes in five and higher dimensions, in contrast, do not show chaotic behavior under temporal perturbations, despite the fact that Van der Waals type phase transition and PV criticality exists [60] . We generalize this result to generic black holes systems which have an extended thermodynamic phase space description and starting from the equation of state, we find a new relation which can be used to rule out chaos. However, chaotic behavior under spatial perturbations in the unstable thermodynamic region, continues to exist for charged, as well as, neutral black holes. The results are also extended to Lovelock black holes in various dimensions.
Rest of the paper is organized as follows. In section-2, we recall few known aspects of thermodynamics of GB black holes in extended phase space formalism and recollect the definition of Melnikov function. Section-3 deals with the effect of having a small temporal perturbation in the spinodal region of GB black hole thermodynamic phase space. We first obtain the analogue Hamiltonian system starting from the equation of state of the GB black hole, leading to the determination of homoclinic/heteroclinic orbits. Using the solutions for these orbits, the Melnikov function is computed explicitly and its zeros are analyzed, which give a bound on the parameter γ (following from a small temporal perturbation, to be introduced in section-3) for existence of chaotic behavior. This bound is also discussed for Lovelock black holes in higher dimensions and a general condition for ruling out chaos in any black hole is obtained. In section-4, the effect of a small spatial perturbation leading to the onset of chaos is discussed for GB black holes. Section-5 contains conclusions.
Charged Gauss-Bonnet Black Holes in AdS
We start with some preliminaries on thermodynamics of black holes in extended phase space and defining the spinodal region where chaos is found. The Einstein-Maxwell action with a Gauss bonnet term and a cosmological constant Λ, in d dimensions is as follows:
where α GB is Gauss Bonnet coupling and Λ = − (d−1)(d−2) 2l 2
. F µν is the Maxwell field strength, defined as F µν = ∂ µ A ν − ∂ ν A µ , with the vector potential A µ . Here we will mostly consider the case with α GB ≥ 0. The Gauss bonnet term, proportional to α GB in the above action, is a topological term in four dimensions and hence we take d ≥ 5. The solution for a static charged GB black hole is given as:
where dΩ 2 d−2 is a line element of (d − 2) dimensional maximally symmetric Einstein space with volume Σ k where k can be 1,0,-1, corresponding to spherical, Ricci flat and hyperbolic topology of black hole horizon, respectively. We will mainly deal with horizon of spherical topology. The general metric function is given by
.
Here α = (d − 3)(d − 4)α GB ; M and Q are mass and charge of black hole, and the pressure P = − Λ 8π . Notice that we have considered the cosmological constant to be a thermodynamic variable and replaced it with pressure as is the norm in extended thermodynamic phase space approach. The equation of state can be written as [60] :
Thus, the first law in extended phase space is:
where S is the entropy, Φ is the electric potential and A is conjugate to the GB coupling α.
Hawking temperature T the thermodynamic volume V are given respectively as
Equation of state in five dimensions is thus:
where the specific volume v = 4r d−2 = 4r 3 . The Melnikov method is well suited for studying chaotic behavior in the black hole systems which follow Van der Waals equation for phase transition in the extended phase space formalism. To understand the Melnikov method, it is useful to start from an evolution equation for a displacement function x(t) as follows:
with the following assumptions. First, 1, corresponding to a small perturbation and the function f 1 (x, t), is taken to be periodic in t. Second, the unperturbed system is Hamiltonian with smooth flow, conserving energy and contains a fixed point which is a homoclinic orbit 1 . There are further non-resonance assumptions on the function f 1 (x, t), which are necessary for smooth period perturbations and are given in the appropriate sections below. The Melnikov method now allows one to estimate the separation distance between stable and unstable manifolds from intersection. The separation and certain specific class of chaotic properties of dynamical systems can be captured through the existence of zeros of the Melnikov function M (t 0 ), which is given as:
with,
Here, the subscript 1 and 2 stand for the number of degrees of freedom appearing in temporal and spatial perturbations, respectively. It is known that, if M (t 0 ) has a simple zero as a function of t 0 , then for > 0 and for suitably small value, the stable and unstable manifold of the Hamiltonian system intersect transversally, signifying chaos.
To study the behavior of the system in spinodal region, the P −v phase diagram is introduced in figure- (1), where the labeling of different points is explained below. Denoting δP = ∂P (v, T 0 )/∂v 
Temporal Chaos in Spinodal region
Here, we study the effect of a small temporally periodic perturbation, when the system is quenched to the unstable spinodal region. We first compute the Hamiltonian for the fluid flow using the black hole equation of state and obtain the Melnikov function, which contains information about the onset of chaos. Let us start by considering a specific volume v 0 corresponding to an isotherm T 0 , which is fluctuated as follows [38, 42] :
The fluid flow is assumed to be taking place along the x-axis in a tube of unit cross section with fixed volume, which contains a total of mass 2π/q of fluid in a volume (2π/q)v 0 , where q > 0 is a constant [42] . The fluid is further assumed to be thermoelastic, slightly vicious and isotropic with an additional stress following from the van der Waals-Korteweg theory of capillarity [42] .
Here, X represents a column of black hole of unit cross section taken between certain points and the details together with other assumptions are similar to earlier considerations given in [38, 42] .
In present case the Hamiltonian is symbolically given to be [38, 42] :
where A is a constant and
Here,p(v, T ) is an effective equation of state obtained by replacing v in terms of the thermodynamic volume V = πv 3 6 before performing the integral. This is important as the Gibbs free energy written in terms of thermodynamic volume remains unchanged during phase transition and it is the combination P dV that has the right scaling [61, 62] . Following the approach in [38, 42] , ignoring coefficients of order O(1/v 4 ) in Taylor series expansion, the Hamiltonian can be computed to be:
Let us note that the above form of the Hamiltonian is quite generic and is valid for any black hole in extended phase space thermodynamics. For the particular case of charged GB black holes, the relevant Hamiltonian is found to be:
Here, (x 1 , x 2 ) and (u 1 , u 2 ) are position and velocities of first two modes, and the corresponding equation of motion are:ẋ
(3.9)
Writing z = (x 1 , x 2 , u 1 , u 2 ) T , eqns. (3.7)-(3.9) can be written in a compact form asż(t) = f 0 (z)+ f 1 (z, t); f 1 is periodic in t, and the unperturbed system with = 0 is given asż(t) = f 0 (z). If we linearize the unperturbed system about z = 0, we getż L (t) = Lz L (t). The matrix L can be computed to be [38, 42] :
with eigen values:
Here,
Stability of the nodes depends on q 2 . For q 2 < ψ A , one notes that λ 1 > 0, λ 2 < 0 and both are real; while for q 2 > ψ 4A , both the eigen values
2 are imaginary. Regarding λ 1,2 , at least one of them has a positive real part and the other a negative real part, which signals a saddle point and an unstable equilibrium of the first node. On the other hand, both λ 3,4 have a negative real part, indicating the existence of a spiral and a stable equilibrium of second and higher modes [42] . The solution of unperturbed system [39, 42] , which is known to exist in the present case for the Hamiltonian given in eqn.(3.6) is:
where a = ψ − Aq 2 1 2 , C 1 = av 3 0 2Q 3 5π and C 2 = −aC 1 .
(3.12)
Having established the presence of a homoclinic orbit in eqn. (3.11) connecting the origin to itself in the unperturbed system, we now add the small temporal perturbation, and compute the Melnikov function defined earlier in eqn. (2.10) to be:
where χ = sech(a(t − t 0 )) and ξ = tanh(a(t − t 0 )). Further,
and A 3 = C 2 2 . The evaluation of M (t 0 ) is best done using the residue theorem, resulting in:
where
, and A 3 = C 2 2 . 
One notes from eqn. (3.18) that, a small perturbation with γ > γ critical guarantees the transversal intersection of stable and unstable manifolds, including the possible occurrence of Smale horseshoe chaotic motion [41, 45] . Chaotic behavior can be noted from figure-(2) , where a numerical plot of time evolution of equations of motion in (3.7)-(3.9) is presented (for simplicity, x 2 , u 2 are set to zero). Plots in figure- (2)(a) and figure-(2)(b) show normal trajectories of the system, in the absence and presence of a small perturbation (but, for γ < γ critical ), respectively. Figure- Let us note that the conditions in eqn. (3.19) are obtained for any generic black hole in AdS with extended phase thermodynamic description and can be used to rule out chaos based on the equation of state itself. For instance, as seen from eqn. (2.4) , the largest power of v in the equation of state for a neutral Gauss-Bonnet black hole in a general dimension d is n = 4. Either one of the conditions, given in eqn. (3.19) , is always satisfied for any d > 4 for n = 4. We thus conclude that chaotic behavior under temporal perturbations would be absent for neutral Gauss-Bonnet black holes in any dimension. On the other hand, for charged GB black holes, there is a term in equation of state in eqn.(2.4), which contains higher powers of v and it can be checked that the conditions in eqn. (3.19) are not satisfied in any dimension. Thus, chaotic behavior is possible, once the perturbation parameters satisfy the constraints put forward in eqn. (3.18 ). These differences between neutral and charged black holes should be investigated further for better understanding, especially, because the spinodal region in the PV diagram continues to exist, irrespective of the presence of charge Q or not.
We now extend the results obtained above to more general case of Lovelock black holes in higher dimensions and check for chaotic behavior. The details of the action and PV critical behavior are discussed in detail in [64, 65] and we only need to recall the equation of state given as:
(3.20) It is known that a Van der Waals type phase transition exists in these theories, together with a presence of spinodal unstable region. The procedure discussed in this section can be straightforwardly extended to the present case in all dimensions, starting from the equation of state in eqn. (3.20) in general dimensions. Applying the condition in eqn. (3.19) to the equation of state in eqn. (3.20) above, chaos can be ruled out for neutral third order Lovelock black holes starting from dimension d = 7. For the charged case, however, the nonlinear terms following from the relevant Hamiltonian in eqn. (3.5) will be present and we see below that chaotic behavior above a certain value of γ persists. We have computed analytically the expressions for Hamiltonian, Melnikov functions and associated bound on γ, but they are cumbersome and otherwise not very illuminating. We suppress the expressions and present a plot of γ vs α and Q in seven dimensions in figure-(4) , where the shaded parts show the allowed regions of γ for which temporal chaos will be present. To conclude this section, we note that the presence of charge Q is necessary for triggering chaos under temporal perturbations in the extended thermodynamic phase space of black hole systems.
Spatial Perturbations and Chaos
In this section, our aim is to study the effect of a small spatially periodic perturbation in the equilibrium state solutions about a sub-critical temperature given as follows [42] :
(4.1)
Korteweig's theory gives the Piola stress tensor as [42] : • Case-1: In this case we choose the pressure in the range P (v 1 , T 0 ) < B < P (β, T 0 ) and get a homoclinic orbit connecting a saddle point v 3 to itself . Corresponding phase orbits are shown in figures-6(a) and 6(b) for charged and neutral black holes, respectively.
• Case-2: Choosing the pressure in the range P (α, T 0 ) < B < P (v 2 , T 0 ), results in a homoclinic orbit connecting a saddle point v 1 to itself, as in case-1 above. Corresponding phase orbits are presented in figures-7(a) and 7(b) for charged and neutral black holes, respectively.
• Case-3: In this case the pressure is taken such that, P (v 1 , T 0 ) = B = P (v 2 , T 0 ); This results in a heteroclinic orbit connecting v 1 with v 3 . Corresponding phase orbits are shown in figures-8(a) and 8(b) for charged and neutral black holes, respectively. Including a small spatial perturbation given in eqn.(4.1), we can rewrite the eqn. 
Melnikov function from eqn. (2.10) written suitably for spatially perturbed systems is: Setting v = h, eqn.(4.4) converts to a set of first order equations as:
As in the previous section, writing general solutions for (homoclinic or heteroclinic) orbit as:
and using them in eqn. (4.4) , one can write f (z(x − X 0 )) and g(z(x − x 0 ), x) as
(4.8)
Using these in eqn.(4.5), Melnikov function is finally:
Changing variables to R = x − x 0 , the Melnikov function becomes:
From the structure of Melnikov function and following the arguments in [42] , M (x 0 ) always possesses simple zeros, signaling chaos. The results of this section can be carried over to charged Lovelock black holes in various dimensions and we have checked that the general features found in this section continue to exist, namely the system exhibits homoclinic orbits for the cases-1 and 2 discussed above; For case-3, the system has homoclinic as well as heteroclinic orbits. The presence of chaos under spatial perturbations is found in all three cases in Lovelock black holes in higher dimensions, irrespective of whether the charge is present or not, unlike the case of temporal perturbations discussed in last section.
Conclusions
In this work, we studied the emergence of chaotic behavior under temporal and spatial perturbations in the spinodal region of charged and neutral Gauss-Bonnet black holes in extended thermodynamic phase space. The perturbed Hamiltonian system corresponding to the motion of the fluid in the spinodal region, following from the black hole equation of state was obtained and shown to possess nonlinear terms giving homoclinic/heteroclinic orbits in phase space. Analysis of the zeroes of the appropriate Melnikov functions gives information about the onset of chaos in the thermodynamic phase space. As regards temporal perturbations, chaotic behavior is found to be present in charged GB black holes in five dimensions. The zeros of the Melnikov function give a bound on the perturbation parameter for chaos to exist. This was computed analytically, such as the one in eqn. (3.18) and depends on the charge Q and the GB coupling α. Intriguingly, the chaotic behavior under temporal perturbations is not present for neutral GB and Lovelock black holes in general dimensions, which needs to be investigated further. A general condition was derived in eqn. (3.19) , which can be used to rule out chaos under temporal perturbations in general dimensions by analyzing the equation of state provided by the black hole. Under spatial perturbations, existence of homoclinic and heteroclinic orbits is found to exist in charged as well as neutral GB black holes and the phase space plots were given. The extension of results to Lovelock black holes in higher dimensions was discussed. It would be interesting to understand the holographic aspects of these chaotic behavior, particularly found in the unstable small/large black hole phase transition domain, not just in GB black holes, but also in other charged and neutral black holes in AdS, considering other stringy corrections. More importantly, the absense of chaos in neutral black holes needs to be understood better.
